Abstract. In this article we deal with singularly perturbed vector fields Z ε expressed bẏ
Introduction
Let U ⊂ R n be an open set. We denote by C r (U, R n ) the set of all vector fields of class C r defined on U , with r ≥ 1, endowed with the C r -topology. The simplest case of a Filippov system is when the phase space is composed by two domains such that for each domain a different ODE (ordinary differential equation) governs the dynamics, namelẏ
In equation (2) , F, G ∈ C r (U, R n ) and h : U → R is a smooth function having 0 ∈ R as a regular value. The common boundary M = {x ∈ U | h(x) = 0} between the domains M − = {x ∈ U | h(x) ≤ 0} and M + = {x ∈ U | h(x) ≥ 0} is called switching manifold. We will use the notation Z = (F, G) to represent the Filippov system (2) and denote by Ω r (U ) the set of all vector fields Z of the form (2) defined on U . We also use F h(p) = F (p) · ∇h(p) for the scalar product in R n between the vector field F : U → R n and the gradient of the function h : U → R.
On the switching manifold M the following open sets are distinguished:
• Sewing region:
The definitions of these three regions exclude the so-called tangency points, that is, points where one of the two vector fields F or G is tangent to M. They are characterized by p ∈ M such that F h(p) = 0 or Gh(p) = 0. Generically speaking, these points are on the boundary of the regions M 1 , M 2 and M 3 , which we denote by ∂M 1 , ∂M 2 and ∂M 3 , respectively. Tangency points include the case F (p) = 0 or G(p) = 0, that is, when one of the two vector fields has an equilibrium point at M. We define two types of tangency between a smooth vector field and a manifold, which will be used in paper. We say that a smooth vector field F has a fold or quadratic tangency with M = {h(x) = 0} at a point p ∈ M provided F h(p) = 0 and F 2 h(p) = 0. A smooth vector field F has a cusp or cubic tangency with M = {h(x) = 0} at a point p ∈ M provided F h(p) = F 2 h(p) = 0, F 3 h(p) = 0, and the set {∇h(p), ∇(F h)(p), ∇(F 2 h)(p)} is linearly independent.
If a point of the phase space which is moving on an orbit of Z = (F, G) falls onto M 1 then it crosses M 1 over to another part of the space. In M 2 and M 3 , the definition of the local orbit is given by the Filippov convention [3] . We consider the vector field f s which is the linear convex combination of F and G tangent to M, that iṡ
We call f s the sliding vector field associated to the Filippov system (2), independently whether it is defined in the sliding or escaping region. Solutions of Z = (F, G) through points of M 2 ∪ M 3 follow the orbit of f s . The singularities of a Filippov vector field (2) are
, that is, the tangency points (F h(p) = 0 or Gh(p) = 0).
Fenichel (see [2, 4] ) proved that, in smooth dynamical systems, any structure which persists under regular perturbation also persists under singular perturbation. In [1] we extended this theory for the sliding vector field associated to the reduced problem of (11), that is, we study how sliding mode in Filippov systems is affected by singular perturbations. Now we analyze the effect of singular perturbations at the tangency points.
For each ε ≥ 0 we will denote by M ε and S ε the sets M ε = {h(x, y, ε) = 0} and S ε = {H(x, y, ε) = 0}. Note that M ε is the switching manifold. The set S 0 is called the slow manifold of the singular perturbation problem (1). Here we are supposing that M 0 and S 0 are in general position, i.e., ∇h(p) and ∇H(p) are linearly independent for any p ∈ M 0 ∩ S 0 . Throughout this article we will assume that the equation H(x, y, ε) = 0 can be solved by y = f ε (x), for all ε ≥ 0.
For ε = 0 in (1) we have the so-called reduced probleṁ
. The reduced problem (9) is a dynamical system defined on the manifold S 0 . For ε = 0 we can express system (1) in the general form given in (2), namely where F (x, y, ε) = (F, H/ε) and G(x, y, ε) = (G, H/ε). We will use the notation Z ε = (F , G) to represent the Filippov slow-fast system and Z 0 to represent the reduced problem. We say that system (1) is locally simple at p = (x 0 , y 0 , 0) ∈ R n+1 × R if one of the following conditions is satisfied: a) ∂h ∂x (p) = 0 and h(x 0 , y, 0) = 0, for all y close to y 0 , or; b) there exists a neighborhood U of (x 0 , y 0 ) in R n+1 such that ∂H ∂x (q) = 0, for all q ∈ U ∩ M ε .
Fold, Cusp and Hyperbolic Singularities
We say that p ∈ M is a fold-regular singularity of (2) ii) In the second case, it is visible provided G 2 h(p) > 0 and invisible provided G 2 h(p) < 0.
Let p ∈ M be a fold-fold singularity of (2), i.e., both vector fields F and G have a fold or quadratic tangency at the same point p ∈ M. We distinguish the following cases:
ii) Parabolic case:
iii) Hyperbolic case:
Theorem 2.1. Let Z ε (x, y) be a C r family defined by (1), with r ≥ 2. Consider p = (p, f 0 (p), 0) ∈ S 0 ∩M 0 a fold-regular singularity of the reduced problem Z 0 and suppose that Z ε is locally simple at p. Then there exists ε 1 > 0 such that:
(i) There is a C r−1 family {p ε : ε ∈ (−ε 1 , ε 1 )} such that p 0 = p and p ε is a fold-regular singularity of Z ε ;
(ii) If p is a visible (resp. invisible) fold-regular of Z 0 then p ε is a visible (resp. invisible) fold-regular of Z ε .
Proof. Suppose that the system is locally simple at p = (p, f 0 (p), 0) ∈ S 0 ∩ M 0 . Then, the following relations are valid
We suppose that p = (p, f 0 (p), 0) is a fold for the vector fieldF and regular forG. The opposite case is similar. The fold-regular point p satisfies the following conditions
Since Z ε is locally simple at p these conditions are equivalent to F h(p) = 0, F 2 h(p) = 0 and Gh(p) = 0.
On the other hand, for each ε = 0 small, the vector field F (x, y, ε) = (F, H/ε) has a tangency at a point q if, and only, if such point satisfies the equation F h(x, y, ε) = 0, that is equivalent to
In order to obtain a family p ε of tangency points such that p 0 = p we need to solve the equation (6) restricted to manifold y = f ε (x). Since H(x, f ε (x), ε) = 0, it is enough to solve the following equation
By the Implicit Function Theorem, for each ε = 0 sufficiently small, there exists a unique x = x(ε) such that F h(x(ε), f ε (x(ε)), ε) = 0. Take p ε = (x(ε), f ε (x(ε)), ε). Thus, p ε is a family of tangency points of Z ε such that p 0 = p. For p ε be a fold-regular singularity of Z ε , we need to prove that
As before, since we are restricted to manifold y = f ε (x) and H(x, f ε (x), ε) = 0, these two conditions are summarized to
By continuity of the functions F 2 h and Gh, follows that F 2 h(q) = 0 and Gh(q) = 0 for all q in a given neighborhood of p. In particular, for each ε = 0 sufficiently small, F 2 h(p ε ) = 0 and Gh(p ε ) = 0, i.e., p ε is a fold-regular singularity of Z ε . In order to prove the item (ii), suppose that the fold-regular p is visible. So,F 2h (p) = F 2 h(p, f 0 (p), 0) < 0. Again, by continuity, we can conclude that F 2 h(p ε ) < 0, for each ε = 0 sufficiently small, i.e., p ε is a visible fold-regular singularity of Z ε . Similarly, if p is an invisible fold-regular of Z 0 , then p ε will also be an invisible fold-regular of Z ε .
We investigated the effect of singular perturbations at tangency points. We can prove that singularities of the kind fold are robust with respect to singular perturbations. On the other hand, cusp singularities are not robust with respect to singular perturbations. We also study the unfolding of cusp singularities and hyperbolic equilibria. In short, with the same techniques used in Theorem 2.1, we can prove that:
• for any n ≥ 2, fold-regular singularities are persistent;
• for n = 2, cusp-regular singularities are not persistent but for n ≥ 3 they are so;
• for n = 2, fold-fold singularities are not persistent but for n ≥ 3 they are so;
• for n = 2, 3, fold-cusp singularities are not persistent but for n ≥ 4 they are so;
• for n = 2, hyperbolic/equilibrium-regular singularities are not persistent.
Singularly Perturbed Non-Smooth Systems
First of all, we introduce the notation.
where x = (x 1 , .., x n ) ∈ R n , y ∈ R, ε is a small positive parameter, F ∓ , G and h are C r functions, with r ≥ 1. The second one is given by system of kind
where x ∈ R, y ∈ R n , f ∓ , g = (g 1 , ..., g n ) and h are C r functions, with r ≥ 1.
The singularly perturbed non-smooth systems which we consider here are systems given on the forms S ε or S * ε . For ε = 0 in S ε and S * ε , we have the reduced systems given respectively by 
We say that a compact K ⊂ M 0 is normally hyperbolic if the real parts of the eigenvalues of G y (x, y, 0) are nonzero, for all (x, y) ∈ K. The system S ε and S * ε are called slow systems and the systems (9) and (10) are called fast systems. In both cases, for ε > 0, the slow and fast systems have the same phase-portrait. For ε = 0 the systems (9) and (10) are called layer problems. We can note that S 0 is defined in M 0 which has a (n − 
where ϕ is a transition function and the other functions are valued at (x, y, 0). The regularizations of systems S ε and S * ε are the 2-parameters system families S λ,ε and S * λ,ε defined respectively by S λ,ε :ẋ = F + + F − 2 + ϕ x 1 λ
